We assess the implications of demographic uncertainty for the budgetary position in Belgium, Denmark, Finland, Germany, the Netherlands, Spain and the United Kingdom. We evaluate the frequency distribution of the increase in taxes needed to deliver fiscal solvency.
Introduction
It is now well understood that many countries may face considerable budgetary problems as a result of demographic change and population ageing. A number of different countries have a range of economic models intended for making long-term projections and these are traditionally used to assess the budgetary impact of population change. The best summary statistic of budgetary imablance is provided by an estimate of the immediate permanent change in taxation needed to deliver fiscal solvency. The justification for addressing the problem in this way is two-fold. First of all, it corresponds to a rough notion of inter-generational equity: each generation faces the same tax burden. Secondly, there are now well-established arguments that fiscal policy is optimal when expected future taxes are constant (Flemmming 1987) . This statistic can be calculated from a range of different types of model. It has to be remembered however, that it is a summary statistic for the purpose of comparing different projections; in models where people's behaviour is sensitive to tax rates and which have been simulated on the assumption that taxes are varied period by period (e.g. to maintain short-term fiscal balance) the projections will be slightly different from those which would result if this constant tax increase were actually imposed.
There is, nevertheless, considerable uncertainty surrounding such projections. Two distinct sources of uncertainty can be identified. One is uncertainty in the parameters of the model used to project revenues and expenditures. This includes uncertainty about the amount of tax raised from a given tax structure or the amount of spending on health per person of a particular age. The second source of uncertainty is uncertainty over the population structure itself. Here we assess the implications of this second source of uncertainty for the tax adjustments which are needed to deliver fiscal solvency, summarising results presented in country reports for Belgium, Denmark (Hougaard and Boerlum 2005) , Germany (Fehr and Habermann 2004) , Finland (Lassila and Valkonen 2005) , the Netherlands (Drpaer, Edends, Nibbelink, Viitanen, and Westerhout 2005) , Spain and the United Kingdom (Sefton and Weale 2005) in the face of prospective demographic change. Similar studies for the United States, or at least for its social security fund have been carried out by Lee, Miller, and Anderson (1998) and Lee and Anderson (2005) .
The methods used are reasonably straightforward, although the models to which they have been applied vary in their complexity. We generate a large number of stochastic population projections and evaluate the fiscal position in each of these population projections.
We can use the outcome of these experiments to establish the frequency distribution of the tax adjustments which are needed and thus illustrate the range of uncertainty surrounding fiscal stabilisation arising purely from demographic uncertainty.
In some countries the law requires that contribution rates for particular parts of government spending, such as pensions and health, be set at the rates needed to finance expenditure on a year by year basis. In such countries there is obviously no direct effect of demographic shocks on the budget balance through this route. There may, nevertheless be indirect effects if the contribution rates affect labour supply and thus revenues from other forms of taxation. So as to make the simulations comparable between these countries and those where there is no automatic link between contribution rates and expenditures, we carry out our simulations for all countries with fixed rather than endogenous contribu-tion rates. Otherwise it is difficult to make anything of the differences between different countries.
We first set out the demographic framework and summarise the resulting population projections. We then explain our measure of sustainability. This is followed by brief accounts of the models used in the different countries. We conclude with discussion of projections of the budget deficit and of the frequency distributions of the tax increases needed to restore fiscal solvency in the countries in question..
The Basic Demographic Framework
We first set out the basic demographic arithmetic as the basis on which to build the description of demographic uncertainty. We use the vectors f t and m t to represent the populations of men and women at time t. The populations at age i are denoted by f it and m it respectively. The modelling framework we use, calculates the population in period t + 1 as follows
(
where µ f i,t+1 is the mortality rate associated with females of age i in period t + 1 and e f i,t+1
is the net inflow of female migrants aged i in period t + 1.
It should be noted that this equation differs in form from the relationship used by the UK Government Actuary in projecting population. Their tables are consistent with the following relationship
The relationship between the two measures of mortality and net migration is given as
e f i,t+1 = 0.5(e * f i−1,t + e * f i,t ) with e f 0,t+1 = 0.5e
and thus it is simple to transform the information provided by the Government Actuary into the form needed for the programme. Similar calculations are made for men.
Births are calculated from a vector of fertility rates, φ t . We denote by ψ the ratio of male to female births (assuming this to be time-invariant). The number of female births and male births in period t, b 
π f i,t and π m i,t denote the probabilities of surviving to age i for males and females contingent on the mortality rates in year t
and it follows that the life expectancies at age i, λ f i,t and λ m i,t are defined as
This assumes that at the maximum age the probability of death rises to 1.
Modelling Demographic Uncertainty: Mortality and Fertility
The model of demographic uncertainty adopted is that presented by Ahlo and Spencer (1997) ; a range of other structures which might be applied to mortality is discussed by the Continuous Mortality Investigation (2004). A structure of random shocks is set up to be applied to fertility rates, death rates and migration flows. Each of the simulations is a path generated by a particular realisation of the random process. Thus the fan chart which results from the repeated simulations allows one to establish the density forecast of the future population conditional on the initial position; it does not offer a means of establishing densities looking ahead from some particular point in the future although the same approach could be used in order to do this.
We consider a general error process
where, in our context i refers to age. We assume that the perturbed mortality and rates are given as
for females with an analogous figure for males. The disturbed fertility rates are calculated in the same way
Ahlo and Spencer (1997) suggest the following specification for the shocks ε(i, t, z),
S(i, t) are scaling factors which are assumed to be known.
We assume that η i,z˜N (0, κ i ) and δ i,t,z˜N (0, 1 − κ z i ) so that each shock is the combination of a random shock at each point in time and one which is common to all periods. It has the implication that Cov (ε(i, t, z), ε(i, t + τ , z)) = κ z i . Given the fact that the shocks themselves are cumulatants of the ε(i, t, z) shown in equation (8) the overall disturbance can be thought of a trend which is randomly determined but fixed in each simulation and a cumulated I(1) process, with the relative size of the two effects determined by κ i .
We do not want the shocks at the different i to be independent of each other. This would be likely to generate an anomalous situation where, for example, mortality rates would be likely to lose the property of monotonically increasing with age (at least beyond the point at which degenerative diseases become the predominant cause of death). Thus we impose the structure that
This obviously does not remove the risk of 'counter-intuitive' patterns of fertility emerging from the random shocks, but it is fair to say that, with high correlations, it must reduce it.
Reductions in mortality of men and women are likely to be correlated because most medical advances benefit both sexes as, too, does enhanced public health. Thus we denote
There is an implication that, because of the cumulative nature of the error process, the variance of x(i, t, z) will tend to increase without any limit and thus may eventually lead to prediction intervals which are "too wide". Ahlo and Spencer (1997) suggest that, beyond the point at which the intervals become too wide, the error should be replaced by an autoregressive process centered on the point forecast; in other words
where
They impose Cov(ζ(i, t, z), ζ(j, t, z)) = ρ |i−j| η,z to maintain the same correlation pattern as the permanent shocks. If t * is the time up which which the previous error process is allowed to run, then x(i, t * , z) provides the starting value for the autoregressive process.
This assumption is, however, likely to lead to a situation where the variances of key derived statistics such as dependency ratios, actually decline beyond t * .
This approach has been adopted by all the countries except the United Kingdom, for which the original error process has been allowed to cumulate instead. Some of the simulations for the United Kingdom did indeed have very large populations while for others it declined to close to zero. Sixty-four out of a total of a thousand simulations showed the population rising to more than 500 million people by 2152, as compared to its existing value of 60 million people. The most extreme simulation showed a population of 7,415 million people. These sixty-four simulations were suppressed.
In either case the fundamental problem with the demographic model is that it is "open loop". Fertility, migration and mortality rates are exogenous albeit subject to stochastic variation. One might expect, in practice that both fertility and migration would be negatively related to the population size; with a declining population it is likely that policy measures would be taken to promote fertility. In a very densely population country both fertility and migration rates are likely to decline; indeed China provides an example of a country which took policy measures to stabilise its population. We also note that the stochastic model does not give significant prospect to population disasters such as the Black Death or major wars. There are reasons for thinking that, because it does not allow for the effects of catastrophes, the demographic model understates the downside risk to the population.
Modelling Demographic Uncertainty: Migration
The approach set out above cannot happily be applied directly to net migration, because it is the difference between immigration and emigration. A logarithmic model applied to a net migration figure of zero would imply that there was no uncertainty in it. In reality a variable calculated as the difference between forecasts of two numbers is uncertain even if small. Ahlo and Spencer (1997) suggest that given figures for either gross inflows or gross outflows, the other variable can be calculated by subtraction. They also imply that there is little reason to expect the cumulation process shown by (8) The ε(i, t, g m ) can be defined like the other ε(i, t, z) with the process again allowed to run up to t * . However the question arises of the correlations between the four variables
and ε(i, t, h f ) just as it arose over the shocks to the mortality rates of the two sexes. We denote the correlations between the two sexes for inflows and outflows as Corr(ε(i, t, g f ), ε(i, t, g m )) = ρ ηg f m with ρ ηh f m the corresponding value for outflows. The correlation between the figures between inflows and outflows is denoted ρ ηgh
Assessment of Tax Increases needed for Fiscal Stabilisation
The government budget constraint implies that the present discounted value of government expenditure plus the value of existing net government debt must equal the present discounted value of future tax revenues. We denote government spending (excluding net interest payments) as G t and tax revenues as generated by the models in question as T t.
GDP is assumed to take a value of Y t .θ is the increase in taxes measured as a proportion of GDP needed to deliver budget balance and existing debt is indicated by D 0 . If the rate of interest is assumed constant, then the inter-temporal budget constraint is expressed in the form
This allows us to derive θ as
In other words θ, the tax increase needed, is the ratio of the present discounted sum of the government intertemporal budgetary imbalance to the present discounted sum of GDP.
Obvious issues arise over the fact that the formula requires a sum to infinity. One solution to this is to assume that, at the end of the period of simulation, T, the ratio
T is stabilised, and that future rates of interest and rates of growth are constant. If T is far enough ahead, the errors arising from this sort of assumption are likely to be small. The simulations discussed here have been carried out to horizons of one hundred and fifty years. This lies between the "standard" horizon of seventy-five years used by Lee, Miller, and Anderson (1998) and the 'inifinite' horizon of five hundred years considered by Lee and Anderson (2005) .
In some of the models the tax rates are set endogenously to balance the budget period by period, or to balance at least a part of it, such as state pension or health fund expenditure. In this case we calculate θ as the present discounted sum of the extra tax revenues generated by the endogenous tax rates as a proportion of the present discounted sum of GDP. In the expression shown τ s is the endogenously-generated tax revenue as a proportion of GDP and τ 0 is its value in the initial year.
A hybrid of these two formulae is used when some taxes or contributions are endogenous and others are exogenous.
Model Descriptions
The models used to provide estimates of fiscal uncertainty fall broadly into two categories.
For Belgium, Spain and the United Kingdom the models are accounting models in which economic behaviour is taken as exogenous. Such models are typically driven by income, expenditure and tax profiles, relating amounts of factor income to the population classified by age and sex in Spain and the United Kingdom, and additionally by socio-economic status in Belgium. No account is take of possible behavioural responses; households do not adjust their labour supply as a result of changes to tax rates and saving, which affects income from capital does not respond to changes to life expectancy.
For the other countries, Denmark, Finland, Germany and the Netherlands the models are behavioural. In these models typically labour supply and consumption/saving are endogenous and the effects of this are grafted on to the purely accounting models. In the simulations presented here, the differences between behavioural and accounting models are not likely to be very large. The reason for this is as follows. As noted in the introduction,
we have carried out all of our simulations on the assumption that contribution and tax rates are constant; the only practical alternative is to assume that they are adjusted to clear any fiscal imbalances entirely and for obvious reasons one cannot, in such a situation, study the effects of demographic uncertainty on public borrowing. But, in the simulations we are carrying out, the main importance of behavioural responses would arise in looking at the implications of different contribution and tax rates on labour supply. With the analysis constructed around fixed tax rates this question does not arise. Nevertheless it is worth noting that, if the simulations were carried out with taxes adjusted to deliver budget balance year by year, the effects of demographic uncertainty on tax rates would be greater in models with endogenous contribution/tax rates than in those where they are exogenous. A high public expenditure burden as a result of a demographic shock would be expected to lead to higher contribution rates. This would depress labour supply; second round and further contribution increases would be needed to balance the books.
Among the behavioural models, differing assumptions are made for different countries.
For example in Denmark and Germany capital is assumed to be immobile, so that interest rates are endogenous while in the Netherlands the interest rate is set in world markets and is exogenous. Once again, it is hard to see that this difference is of great importance in the simulations presented here. We now present a brief description of the models used for the individual countries we examine.
Belgium
The study of Belgium is carried out using MALTESE (Model for Analysis of Long Term Evolution of Social Expenditure) maintained by the Federal Planning Bureau. This model is composed of modules concerning demography, socio-demographic population structure and social policy and macro-economic assumptions. Public expenditure is modelled in detail being determined by social scheme on basis of the number of beneficiaries and the average benefit per beneficiary; health and long-term care expenditure are similarly modelled.
MALTESE is a sophisticated demographic/budgetary model but an accounting model nonetheless. It meets the job of translating demographic projections into budgetary developments given socio-demographic, macroeconomic and social policy scenarios. Only health expenditure is endogenous, in that some elements of health expenditure are linked to GDP. There is no real macroeconomic modelling: no structural equation for the NAIRU, no feedback from tax rates to participation, and labour productivity is exogenous.
Policy reaction is also absent: the public finance imbalances persist even if inherently unsustainable. The baseline simulation is provided by the effects of current legislation and policies or current observed household behaviour.
Denmark
The analysis was conducted using DREAM, an overlapping generations model. In this model households are assumed to maximise their welfare, making choices between work and leisure but not facing any uninsurable risks. In the basic model pension and health contribution rates are endogenous to the model and designed to balance the pension and health systems on a year by year basis; however, as noted earlier, the simulations presented here are carried out with all tax and contribution rates fixed. The economy is assumed closed and the interest rate adjusted to clear the capital market. Aggregate output is given by a Cobb-Douglas production function in which the rate of technical progress is exogenous.
The effect of this interest rate setting mechanism depends on whether the elasticity of substitution between labour and capital is greater of less than one. If the former, then an increase in the rate of return leads to an increase in the share of capital and a decline in the share of labour in the economy. The impact of this on the budget obviously depends on the relative rates of taxation on the two forms of income. If, as is now common, labour income is taxed more highly than capital income, then the impact of a demographic shock which raises public borrowing will be enhanced through this effect. However the difference between the tax rates on the two forms of income needs to be very large for the effect to be important.
Finland
The model is an overlapping generations model. It embodies life-time utility-maximising perfect foresight households, firms, several types of public sector institutions and generates general equilibrium price paths for labour, goods and capital. It is described in Lassila and Valkonen (2001) and Lassila and Valkonen (2003) It reflects age-specific patterns of public spending. Contribution rates to public pension and health schemes are endogenous when the model is run. The overall tax adjustment needed for fiscal balance is, however, identified by converting changes to these to lump sum taxes.
Germany
The situation in Germany was analyzed using an overlapping generations model. The model is one of a closed economy with the real interest rate as endogenous. People represented in the model are assumed to have perfect foresight except over their date of death; it is, however, assumed that there is no aggregate uncertainty about mortality risk and that individuals can insure against the risk they face. People derive utility from both consumption and leisure so that labour supply is endogenous. Production takes place using a CES technology and firms are assumed to maximize their net present values; productivity growth, however, is exogenous. Contribution rates for the pension and the health system are each normally endogenous in order to balance the budgets of the pension and health funds every year. The residual public budget is balanced by means of an adjustment to consumption tax.
However, to compute the sustainability. gap we fix age dependent consumption, sav- and health system. The present value of this gap in relation to GDP is the sustainability.
gap.
The Netherlands
The situation in the Netherlands was analysed using GAMMA, an overlapping generations model of the Dutch economy developed by the Central Panning Bureau. . The model is one of a small open economy with the real interest rate given by conditions in the rest of the world and taken as fixed. People represented in the model are assumed to have perfect foresight except over their date of death; it is, however, assumed that there is no aggregate uncertainty about mortality risk and that individuals can insure against the risk they face. People derive utility from both consumption and leisure so that labour supply is endogenous. Production takes place using a CES technology and firms are assumed to maximise their net present values; productivity growth, however, is exogenous. Private pension funds are represented as a specific form of saving and they are assumed to adjust their contribution rates so as to maintain actuarial balance. Contribution rates for all forms of public spending are exogenous. Solvency of each simulation was ensured by means of an adjustment to consumption taxes.
Spain
The model, it is a simple accounting model without any behavioural responses. Projections are obtained combining the population projections and the age-sex profile of revenues and expenditures which are assumed to be constant at the level in 2000. Imposed macroeconomic scenarios in the projection are (i) the participation rate increases at the same growth rate observed in the present until it reaches the average of EU and stays constant thereafter; (ii) the unemployment rate decreases linearly to reach 4.5% in 2015 and stays constant thereafter; (iii) labor productivity increases linearly to reach 2.0% in 2019 and is constant thereafter and wage increases at the same rate as labour productivity.
United Kingdom
The United Kingdom simulations were performed using generational accounts (Cardarelli, Sefton, and Kotlikoff 2000) . This structure does not incorporate any behavioural responses to tax rates and spending patterns, but is built round observed profiles for tax revenues and public spending patterns as a function of the age structure of the population. In the absence of any specific information about planned changes to these profiles, it is assumed that they do not change over time. Thus income tax revenue depends not on the overall size of the population or workforce but on an assessment of the amount of tax paid by people of different ages; this in turn is a consequence of age-dependent earnings differentials and the income tax base of the retired population. Productivity growth and the real interest rate are exogenously given. Contribution rates to the National Insurance Fund (which covers some health care and the state pension scheme) are exogenous as are tax rates. The model is in effect an accounting model.
Results

Belgium
The mean tax increase needed to restore fiscal balance is zero and the standard deviation is 1.03% of GDP. 
Denmark
The mean tax increase needed in Denmark is 7.15% of GDP with a standard deviation of 1.09% of GDP.
The mean tax increase needed in Denmark is 7.15% of GDP with a standard deviation of 1.09% of GDP. 
Finland
The average tax rise needed to restore solvency in Finland is 0.44 % of GDP with a standard deviation of 1.22%. Figure 3 shows the frequency distribution of the tax rises generated in the stochastic simulations.
The average tax rise needed to restore solvency in Finland is 0.44 % of GDP with a standard deviation of 1.22%. Figure 3 shows the frequency distribution of the tax rises generated in the stochastic simulations. 
Germany
The mean tax increase needed in Germany is 2.45% of GDP with a standard deviation of 1.17%
The mean tax increase needed in Germany is 2.45% of GDP with a standard deviation of 
The United Kingdom
The mean tax increase needed in the United Kingdom is 2.74% of GDP with a standard deviation of 2.81%.
The mean tax increase needed in the United Kingdom is 2.74% of GDP with a standard deviation of 2.81%. 
Summary of Results and Conclusions
The results presented here are in many ways very satisfactory. Stochastic demographic projections are in their infancy and it is difficult to judge whether those presented here are plausible or not. But, taking them at their face value they imply a substantial amount of variation in the tax adjustment needed to restore fiscal balance. Table 1 brings together the results on the mean and the standard deviation of the tax increases needed to restore fiscal balance in the countries examined. We also include estimates calculated for the United States from the results presented by Lee and Anderson (2005) 1 Tha these figures show considerable variation in the means is not surprising, since it is well-known that different countries are affected by demographic change in different ways. However there is also considerable variability in the standard deviations. The high standard devation in the United Kingdom is almost certainly a consequence of the nature of the simulations. In the UK the processes set out in equations (8) to (13) were used to project fertility, migration and mortality up to 2152. In the other countries these processes were replaced in 2052 by the much less volatile processes described in equation Denmark, but comparsion of these results with some obtained earlier using simpler models suggests that model structure plays an important role. Since the United States figures relate only to social security we can be clear that they understate the true uncertainty;
whether figures for the whole of the government budget would be as large as those for 1 They calculate their results only for social security and not for the whole of the government budget, finding a deficit of 5.15\% of employment income, with a standard deviation of 2.3 percentage points. The figures in table \ref{summ} are calculated assuming that the payroll is 58\% of GDP at market prices, the average value for 2000-2004. Denmark and the United Kingdom is, however, impossible to know. We cannot say that the UK picture is correct and the others are incorrect or vice versa. But we can say that the implications of the different assumptions for the uncertainty surrounding fiscal sustainability. are very substantial.
